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Abstract
Various new two-component systems related to the lattice Schwarzian Boussinesq equation are constructed
in a systematic way from conservation laws. Their multidimensional consistency is demonstrated, Lax pairs,
symmetries and conservation laws are derived and an auto-Bäcklund transformation is constructed. Finally,
Yang-Baxter maps from these systems are constructed.
1 Introduction
The main concern of this paper is the systematic derivation of two-component systems related to the lattice
Schwarzian Boussinesq equation which is the following 9-point scalar partial difference equation:
S[gn,m] :=
(∆ngn+1,m+2)(∆mgn,m+1 −∆ngn,m+1)(∆mgn,m)
(∆mgn+2,m+1)(∆ngn+1,m −∆mgn+1,m)(∆ngn,m)
−
α3(∆ngn,m+2)(∆ngn,m+1)− β
3(∆mgn+1,m+1)(∆mgn,m+1)
β3(∆mgn+2,m)(∆mgn+1,m)− α3(∆ngn+1,m+1)(∆ngn+1,m)
= 0, (1)
first given in [7]. This equation can be written as a three-component system, cf. [6, 13], however, it seems more
natural to write the equation as a two-component system on the quadrilateral. A first example of such a two-
component version of the Schwarzian Boussinesq equation was given in [3], based on a Bäcklund transformation,
which is equivalent to the following system:
gn+1,m+1 =
gn+1,m∆nfn,m − gn,m+1∆mfn,m
fn+1,m − fn,m+1
, (2a)
fn+1,m+1 =
α3(∆nfn,m)(∆ngn,m) fn,m+1 − β
3(∆mfn,m)(∆mgn,m) fn+1,m
α3(∆nfn,m)(∆ngn,m)− β3(∆mfn,m)(∆mgn,m)
. (2b)
In the present paper we shall give an alternative derivation of (2) based on conservation laws. Furthermore, we
shall show that there exist several alternative two-component systems related to the scalar lattice equation (1),
which we claim give a clear insight in the integrability properties.
The scalar Schwarzian Boussinesq equation, like any other higher-order system, can be written as a system
of lower order equations in an arbitrary number of ways. However, there are only few canonical ways of writing
integrable equations as systems in such a way that the system reflects the underlying structure of the equation.
Here we present a systematic construction of systems which respect this structure.
Our derivation of these systems starts with another integrable system and relies on the conservation laws of this
system and the interpretation of them as Bäcklund transformation. More precisely, we use the integrable system
related to the lattice modified Boussinesq system, see (5) below, and the observation that both of the equations
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constituting this system can be written in the form of a conservation law. This allows us to introduce two potentials
g and f and, subsequently, derive a system only for them. The advantage of this derivation is that it allows us to
derive not only the system for the potentials but also a Lax pair, symmetries and canonical conservation laws for
this system.
Furthermore, other systems can be derived from the Schwarzian Boussinesq system using the same idea of
conservation laws and potentials. In particular, these system have the following forms
hn+1,m+1 =
hn+1,mfn,m+1∆nfn,m − hn,m+1fn+1,m∆mfn,m
fn,m (fn+1,m − fn,m+1)
,
fn+1,m+1 =
α3(∆nfn,m)(∆nhn,m) fn,m+1 − β
3(∆mfn,m)(∆mhn,m) fn+1,m
α3(∆nfn,m)(∆nhn,m)− β3(∆mfn,m)(∆mhn,m)
,
and
gn+1,m+1 = gn+1,mgn,m+1
rn+1,m − rn,m+1
gn,m+1∆nrn,m − gn+1,m∆mrn,m
,
rn+1,m+1 =
α3gn,m+1rn,m+1∆ngn,m∆nrn,m − β
3gn+1,mrn+1,m∆mgn,m∆mrn,m
α3gn,m+1∆ngn,m∆nrn,m − β3gn+1,m∆mgn,m∆mrn,m
,
respectively. They may be considered as another auto-Bäcklund transformation of the Schwarzian Boussinesq
equation since they can be decoupled for each of the fields involved in them to the same 9-point lattice scalar
equation.
Another interesting outcome from the study of these systems is the derivation of Yang-Baxter maps along with
corresponding Lax pairs. In this construction, we use as new variables the invariants of point symmetries of the
system under consideration [10]. The application of this approach to both of the above systems, as well as to their
Lax pairs, results to some new Yang-Baxter maps along with their Lax matrices [11].
The paper is organized as follows. In the next section we introduce our notation and give the definitions of
a symmetry and a conservation law for a system of difference equations. Section 3 contains the derivation of
three lattice Schwarzian Boussinesq systems and their integrability properties. In Section 4 the derivation of an
auto-Bäcklund transformation for one of these systems is given. The last section deals with the construction of
Yang-Baxter maps from the Boussinesq systems derived in Section 3 along with corresponding Lax matrices.
2 Notation
In this section we introduce the notation we use throughout the paper and give some basic definitions in order to
make our presentation self-contained.
We deal with systems of lattice equations involving two functions which depend on two independent discrete
variables n, m. This dependence will be denoted by subscripts, for instance u(n,m) is denoted by un,m and u(n+
1,m) by un+1,m. The same notation will be used also for functions which depend implicitly on the independent
variables, e.g. A(un,m, vn,m) will also be denoted simply by An,m. In any event, it will be clear from the text the
dependence of every function on n and m.
Let us denote by
Q1(un,m, vn,m, un+1,m, vn+1,m, un,m+1, vn,m+1, un+1,m+1) = 0
Q2(un,m, vn,m, un+1,m, vn+1,m, un,m+1, vn,m+1, vn+1,m+1) = 0
(3)
a two-component system defined on an elementary quadrilateral of the lattice. A pair of functions ρn,m and σn,m
which depend implicitly on n, m is called a conservation law for system (3) if
∆mρn,m = ∆mσn,m holds on solutions of system (3).
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Here, operators ∆n and ∆m are the difference operator in the n and m lattice direction, respectively, i.e. they act
on a function fn,m as
∆nfn,m := fn+1,m − fn,m, ∆mfn,m := fn,m+1 − fn,m.
If the relation ∆mρn,m = ∆mσn,m holds identically, i.e. without taking into account equations (3), we call this pair
a trivial conservation law. For example, ∆m log(un+1,m/un,m) = ∆n log(un,m+1/un,m) is a trivial conservation
law since it holds identically.
The pair of differential-difference equations
dun,m
dt
= ηn,m,
dvn,m
dt
= ζn,m (4)
is a symmetry of system (3) if they commute with the system. That is, if
dQi
dt
= 0, i = 1, 2, hold on solutions of system (3).
In the last relation, the derivative of Qi is understood as a total derivative with respect to t, i.e.
dQi
dt
:=
∑
k,l
ηn+k,m+l
∂Qi
∂un+k,m+l
+ ζn+k,m+l
∂Qi
∂vn+k,m+l
.
Finally, let us recall the definition of the invariant of a symmetry: Any function xn,m which satisfies dxn,m/dt = 0
by taking into account equations (4) is called an invariant of symmetry (4).
3 Two-component systems related to the Schwarzian Boussinesq equation
The conservation laws of a given integrable system can be used effectively in the construction of new integrable
systems. The derivation of the continuous potential KdV equation could serve as the simplest and more illustrative
example for this construction. In this section we apply this approach to the discrete case. In particular, starting
with an integrable quadrilateral system, we derive a new one using a pair of conservation laws and demonstrate
how the integrability aspects of the original system are mapped to corresponding characteristics of the new one.
Here, the term integrability aspects mean Lax pair, symmetries and conservation laws.
The discrete system we start with is related to the lattice modified Boussinesq equation [9] and it has the
following form
un+1,m+1 = vn,m
αun,m+1 − βun+1,m
αvn+1,m − βvn,m+1
, (5a)
vn+1,m+1 =
vn,m
un,m
αun+1,mvn,m+1 − βun,m+1vn+1,m
αvn+1,m − βvn,m+1
. (5b)
Its relation to the lattice modified Boussinesq equation is revealed when one decouples this system. More precisely,
equations (5) can be decoupled for un,m leading to the 9-point equation
M [un,m] :=
(
α2un+1,m+1 − β
2un,m+2
αun,m+2 − βun+1,m+1
)
un+1,m+2
un,m+1
−
(
α2un+2,m − β
2un+1,m+1
αun+1,m+1 − βun+2,m
)
un+2,m+1
un+1,m
−α
(
un,m
un+1,m
−
un+1,m+2
un+2,m+2
)
− β
(
un,m
un,m+1
−
un+2,m+1
un+2,m+2
)
= 0, (6)
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which is known as the lattice modified Boussinesq equation [9]. On the other hand, decoupling system (5) for
vn,m, one finds that it obeys the equation
M
[
1
vn,m
]
= 0 .
Let us first note that both equations of system (5) can be casted in the form of a conservation law. More
precisely, the equations of system (5) can be written as
∆m
(un+1,mvn,m
α
)
− ∆n
(
un,m+1vn,m
β
)
= 0 , (7a)
∆m
(
un,m
α vn,mvn+1,m
)
− ∆n
(
un,m
β vn,mvn,m+1
)
= 0. (7b)
The above relations allow us to introduce two potentials gn,m and fn,m through the relations
∆ngn,m =
un+1,mvn,m
α
, ∆mgn,m =
un,m+1vn,m
β
, (8a)
∆nfn,m =
un,m
α vn,mvn+1,m
, ∆mfn,m =
un,m
β vn,mvn,m+1
. (8b)
The compatibility conditions ∆m(∆ngn,m) = ∆n(∆mgn,m), ∆m(∆nfn,m) = ∆n(∆mfn,m) yield obviously
system (7). On the other hand, if we solve equations (8) for the shifted values of u and v, i.e.
un+1,m =
α∆ngn,m
vn,m
, un,m+1 =
β∆mgn,m
vn,m
, (9a)
vn+1,m =
un,m
α vn,m∆nfn,m
, vn,m+1 =
un,m
β vn,m∆mfn,m
, (9b)
then the compatibility conditions Sm(un+1,m) = Sn(un,m+1), Sm(vn+1,m) = Sn(vn,m+1) lead to a coupled
system for g and f , which has the following form
gn+1,m+1 =
gn+1,m∆nfn,m − gn,m+1∆mfn,m
fn+1,m − fn,m+1
, (10a)
fn+1,m+1 =
α3(∆nfn,m)(∆ngn,m) fn,m+1 − β
3(∆mfn,m)(∆mgn,m) fn+1,m
α3(∆nfn,m)(∆ngn,m)− β3(∆mfn,m)(∆mgn,m)
. (10b)
This system is an involution of the lattice Schwarzian Boussinesq equation. That means, it relates solutions of
the same equation since it can be decoupled either to the Schwarzian Boussinesq equation (1) for g, i.e. S[gn,m] =
0, or to the same equation for f . The lattice Schwarzian Boussinesq equation was presented in [7], its direct
linearization derivation was developed in [9], where also the lattice modified Boussinesq equation appeared, and
a three-component system related to it was given in [13]. One-parameter extensions of these three-component
systems were presented recently in [6].
System (10) inherits its integrability aspects from system (5); its Lax pair, its symmetries and its conservation
laws follow by exploiting relations (8) and (9).
• Lax pair and multidimensional consistency
If we start with the Lax pair for system (5), as it is given in [15], make the gauge transformation
Gn,m = diag
(
vn,m,
1
un,m
,
un,m
vn,m
)
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and then use relations (9), we end up with the following Lax pair for system (10).
Ψn+1,m = L(∆ngn,m,∆nfn,m;α)Ψn,m , Ψn,m+1 = L(∆mgn,m,∆mfn,m;β)Ψn,m , (11a)
where
L(x, y;α) :=
1
(α3 − λ3)1/3

 α 0 −λα y−λαx α 0
0 −λ
α2xy
α

 . (11b)
Alternatively, one could employ the multidimensional consistency of system (10) to derive the above Lax
pair [4, 8]. The multidimensional consistency of (10) can be checked straightforwardly and it leads to the
following relations for the triple-shifted values of g and f which are invariant under any permutation of the
indices.
g123 =
α31F1G1
[
g2F2 − g3F3
]
+ α32F2G2
[
g3F3 − g1F1
]
+ α33F3G3
[
g1F1 − g2F2
]
α31F1G1(f2 − f3) + α
3
2F2G2(f3 − f1) + α
3
3F3G3(f1 − f2)
f123 =
α31α
3
2F1G2(g1 − g2)f3 + α
3
2α
3
3F2G3(g2 − g3)f1 + α
3
3α
3
1F3G1(g3 − g1)f2
α31α
3
2F1G2(g1 − g2) + α
3
2α
3
3F2G3(g2 − g3) + α
3
3α
3
1F3G1(g3 − g1)
In the above formulas, we have used the following shorthand notations. Indices in f and g denote shifts in
the corresponding lattice direction, e.g. f1 = fn+1,m,k and g2 = gn,m+1,k. Functions Fi and Gi are defined
by Fi := fi − f and Gi := gi − g, respectively. Finally, αi denotes the lattice parameter corresponding to
the i-lattice direction.
• Symmetries and master symmetry
Similarly to the derivation of the Lax pair, we can start with the first generalized symmetry and the master
symmetry of system (5) [15] and use relations (8) to derive corresponding symmetries for system (10).
For instance, consider the first generalized symmetry
dun,m
dt1
=
3un,mun+1,mvn,m
un+1,mvn,m + un,mvn−1,m + un−1,mvn+1,m
− un,m ,
dvn,m
dt1
=
−3un,mvn−1,mvn,m
un+1,mvn,m + un,mvn−1,m + un−1,mvn+1,m
+ vn,m ,
of system (5). If we differentiate relations (8) with respect to t1 and use the above relations to substitute
the corresponding derivatives of u, v and their shifts, a symmetry for the Schwarzian Boussinesq system
will result. In the same fashion, a master symmetry follows from the master symmetry of system (5). In
particular, the resulting first generalized symmetry and master symmetry have the form
dgn,m
dt1
= (∆ngn,m)An,m,
dfn,m
dt1
= (∆nfn−1,m)An,m, (12a)
and
α
dgn,m
dα
= 3n (∆ngn,m)An,m, α
dfn,m
dα
= 3n (∆nfn−1,m)An,m, (12b)
respectively, where
An,m :=
(∆nfn,m) (∆ngn−1,m)
(∆nfn,m) (∆ngn,m) + (∆nfn,m) (∆ngn−1,m) + (∆nfn−1,m) (∆ngn−1,m)
. (12c)
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In any case, it can be verified directly that the above equations define symmetries of system (10).
A hierarchy of symmetries can be constructed successively by considering commutators. More precisely,
the second symmetry follows from the commutator of the master symmetry and the first symmetry, while
the third symmetry is the commutator of the second symmetry with the master symmetry. This procedure
will result to the following hierarchy of symmetries
dgn,m
dtk
= Rk−1 {(∆ngn,m)An,m} ,
dfn,m
dtk
= Rk−1 {(∆nfn−1,m)An,m} , k = 1, 2, · · · ,
where
R :=
∞∑
j=−∞
j(∆ngn+j,m)An+j,m∂gn+j,m +
∞∑
j=−∞
j(∆nfn−1+j,m)An+j,m∂fn+j,m −
α
3
∂α.
• Conservation laws
Finally, canonical conservation laws can be constructed in the same way. Specifically, if we add the trivial
conservation law ∆m log(un,m/un+1,m)2 = ∆n log(un,m/un,m+1)2 to the conservation law ∆mρn,m =
∆nσn,m of system (5), where
ρn,m = log
(
un+1,mvn,m + un,mvn−1,m + un−1,mvn+1,m
un,mvn,m
)2
,
σn,m = log
(
α2un,mvn−1,m + αβun−1,mvn,m+1 + β
2un,m+1vn,m
(α3 − β3)un,mvn,m
)2
,
and then use relations (9), we will arrive at a conservation law for system (10) with density ̺ and flux χ
given by
̺n,m = log
(
1 +
(fn+1,m − fn−1,m)(gn,m − gn−1,m)
(fn+1,m − fn,m)(gn+1,m − gn,m)
)2
(13a)
and
χn,m = log
(
β3
α3 − β3
+
α3
α3 − β3
(fn,m+1 − fn−1,m)(gn,m − gn−1,m)
(fn,m+1 − fn,m)(gn,m+1 − gn,m)
)2
, (13b)
respectively. Moreover, higher order canonical conservation laws can be constructed recursively, starting
with this conservation law and using the master symmetry, as it was done for the ABS equations [14] and
the Boussinesq systems [15].
The covariance of the lattice Schwarzian Boussinesq system, i.e. its invariance under interchanges of the lattice
directions, implies that another symmetry, master symmetry and a conservation law follow from the above ones by
changing (n,m, un+i,m+j , α, β) to (m,n, un+j,m+i, β, α).
Now we can present two other systems related to the lattice Schwarzian Boussinesq equation. They are derived
from system (10) by introducing a new potential replacing either g or f . This can be done by observing that the
first equation of (10) can be written also either as
∆n (fn,m∆mgn,m) = ∆m (fn,m∆ngn,m) ,
or
∆n (gn,m+1∆mfn,m) = ∆m (gn+1,m∆nfn,m) .
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If we use the first conservation law to introduce the function hn,m through the relations
∆mhn,m = fn,m∆mgn,m, ∆nhn,m = fn,m∆ngn,m , (14)
then we can eliminate g and derive a system for hn,m and fn,m, namely
hn+1,m+1 =
hn+1,mfn,m+1∆nfn,m − hn,m+1fn+1,m∆mfn,m
fn,m (fn+1,m − fn,m+1)
, (15a)
fn+1,m+1 =
α3(∆nfn,m)(∆nhn,m) fn,m+1 − β
3(∆mfn,m)(∆mhn,m) fn+1,m
α3(∆nfn,m)(∆nhn,m)− β3(∆mfn,m)(∆mhn,m)
. (15b)
Alternatively, we can use the second conservation law and introduce potential rn,m via
∆mrn,m = gn,m+1∆mfn,m , ∆nrn,m = gn+1,m∆nfn,m , (16)
and then eliminate f to derive
gn+1,m+1 = gn+1,mgn,m+1
rn+1,m − rn,m+1
gn,m+1∆nrn,m − gn+1,m∆mrn,m
, (17a)
rn+1,m+1 =
α3gn,m+1rn,m+1∆ngn,m∆nrn,m − β
3gn+1,mrn+1,m∆mgn,m∆mrn,m
α3gn,m+1∆ngn,m∆nrn,m − β3gn+1,m∆mgn,m∆mrn,m
. (17b)
These multidimensionally consistent systems are related to the Schwarzian Boussinesq equation as well, i.e. they
can be decoupled to the Schwarzian Boussinesq for either of the functions involved in them. Moreover, their
integrability properties follow from the corresponding ones of system (10) by employing relations (14) and (16),
respectively. This can be done straightforwardly for the Lax pair (11) and the canonical conservation law (13). For
symmetries, one has to use relations (14) and (16) along with (12) in the same fashion as it is described above for
the derivation of symmetries (12).
Finally, let us mention some discrete symmetries of systems (10), (15) and (17). It can be checked by straight-
forward calculations that system (10) is invariant under the interchanges
(gn+i,m+j, fn+i,m+j) −→ (fn−i,m−j, gn−i,m−j) .
System (5) is also invariant under a similar transformation and this property of these two systems will be explored
further in the next section. On the other hand, the other two systems are not invariant under such involutions but
one is mapped to the other when we make similar interchanges. Indeed, if we make the changes
(hn+i,m+j, fn+i,m+j) −→ (rn−i,m−j, gn−i,m−j)
in system (15) and then shift forward the resulting expressions in both lattice directions, we will derive system
(17). In the same fashion, the changes
(gn+i,m+j, rn+i,m+j) −→ (fn−i,m−j, hn−i,m−j)
map system (17) to system (15).
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4 Conservation laws and auto-Bäcklund transformations
So far, we have used two conservation laws of system (5) to introduce two potentials and, subsequently, derive
system (10) for them. In other words, we have constructed from equations (7) a Bäcklund transformation relating
two systems. Here we employ the same idea in order to derive auto-Bäcklund transformation for system (10).
More precisely, introducing a third potential, we construct a transformation which allows us to use one solution of
system (10) in order to find two new solutions of the same system.
We start by noting that system (5) remains invariant under the interchanges
(un+i,m+j, vn+i,m+j) −→ (vn−i,m−j, un−i,m−j) , i, j = 0, 1 .
This means that if we make these changes to system (5) and then shift forward the resulting system in both
lattice directions, we will arrive at the original system (5). If we apply the same interchanges to (7), i.e. the
conservation law form of system (5), then the first equation remains invariant while the second one results to
another conservation law, namely
∆m
(
vn+1,m
αun,mun+1,m
)
= ∆n
(
vn,m+1
β un,mun,m+1
)
. (18)
Now one can use any pair of the three conservation laws, i.e. the ones given in (7) and the above one, to derive a
system for the corresponding potentials.
Let us first rename potentials g and f defined in relation (8) to p(0) and p(1), respectively, that is
∆np
(0)
n,m =
un+1,mvn,m
α
, ∆mp
(0) =
un,m+1vn,m
β
, (19a)
∆np
(1)
n,m =
un,m
αvn,mvn+1,m
, ∆mp
(1)
n,m =
un,m
β vn,mvn,m+1
. (19b)
Now we introduce a potential p(2) using conservation law (18), i.e.
∆np
(2)
n,m =
vn+1,m
αun,mun+1,m
, ∆mp
(2) =
vn,m+1
β un,mun,m+1
. (19c)
Then, using any pair of the relations (19a)–(19c) to eliminate u and v from system (5), we derive a system for the
corresponding pair of potentials. In fact, the resulting system is
p
(i)
n+1,m+1 =
p
(i)
n+1,m∆np
(i+1)
n,m − p
(i)
n,m+1∆mp
(i+1)
n,m
p
(i+1)
n+1,m − p
(i+1)
n,m+1
, (20a)
p
(i+1)
n+1,m+1 =
α3(∆np
(i)
n,m)(∆np
(i+1)
n,m ) p
(i+1)
n,m+1 − β
3(∆mp
(i)
n,m)(∆mp
(i+1)
n,m ) p
(i+1)
n+1,m
α3(∆np
(i)
n,m)(∆np
(i+1)
n,m )− β3(∆mp
(i)
n,m)(∆mp
(i+1)
n,m )
, (20b)
where i = 0, 1, 2 mod 3. We will denote this system as P
(
p(i), p(i+1)
)
, or simply as Pi,i+1, and, apparently, one
can identify P0,1 with system (10) and P1,2 with the system derived in [3].
There is a simple Bäcklund transformation among these systems which is a consequence of relations (19a)–
(19c) and reads as follows.
B :
{
α3∆np
(0)
n,m∆np
(1)
n,m∆np
(2)
n,m = 1
β3∆mp
(0)
n,m∆mp
(1)
n,m∆mp
(2)
n,m = 1
(21)
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For every system P , the above relations define a Bäcklund transformation mapping solutions of one system to
solutions of another system. This means that if we start with any solution (p(i), p(i+1)) of Pi,i+1 and use rela-
tions (21) to construct p(i+2), then the pairs (p(i+1), p(i+2)) and (p(i+2), p(i)) are solutions of Pi+1,i+2 and Pi+2,i,
respectively. This is clear if we solve B for the differences of p(i) or p(i+1), respectively, and then use these
expressions to eliminate the corresponding function from Pi,i+1 in favor of p(i+2). This elimination will result
to Pi+1,i+2 or Pi+2,i, respectively. Since all systems P have the same form, relations B define actually an auto-
Bäcklund transformation for these systems which differs from the natural one deriving from their multidimensional
consistency.
5 Symmetries and Yang-Baxter maps
Multidimensional consistency is widely accepted as a notion of integrability, e.g. [1, 4, 8], and it is very closely
related to the Yang-Baxter property for maps [1, 10, 11]. In [10], this relation was explored systematically and it
was shown how multidimensionally consistent systems and the invariants of their point symmetries can be used
effectively in the derivation of Yang-Baxter maps. In this section we derive Yang-Baxter maps from systems (10)
and (15) using the invariants of their points symmetries. Moreover, extending these symmetries to symmetries of
the corresponding Lax pairs, we give Lax representations for the resulting Yang-Baxter maps. For a more detailed
analysis, definitions and terminology on Yang-Baxter maps and Lax pairs one may refer to [2, 5, 10, 11, 12].
Following [10], we employ the translation and scaling invariance of system (10) to derive two Yang-Baxter
maps, as well as the scaling invariance of (15) to derive a third map. More precisely, in each case we introduce a
pair of invariants on every edge of an elementary quadrilateral where the system is defined
xi = xi(fn,m, fn+1,m), x
′
i = xi(fn,m+1, fn+1,m+1), i = 1, 2,
yi = yi(fn+1,m, fn+1,m+1), y
′
i = yi(fn,m, fn,m+1), i = 1, 2,
where fn,m stands for the pair of functions involved in the system. These invariants are not independent and
satisfy certain relations. For instance, among the invariants for the translation symmetry of system (10) holds
xi + yi = x
′
i + y
′
i, i = 1, 2. Taking into account the relations among the invariants and expressing the original
quadrilateral system in terms of them, one can derive an invertible map R : (xi, yi) 7→ (x′i, y′i) and its companion
R¯ : (xi, y
′
i) 7→ (x
′
i, yi). These maps are quadrirational [2], have the reversibility property [12] and satisfy the
parameter-dependent Yang-Baxter equation
R23(β, γ)R13(α, γ)R12(α, β) = R12(α, β)R13(α, γ)R23(β, γ).
For the derivation of Lax pairs, we extend the points symmetries of these systems to symmetries of the corre-
sponding Lax pairs and construct an invariant for the potential. To make this clear, let us consider the Lax pair (11)
of system (10) and the scaling symmetry of the latter. First we extend this symmetry to a symmetry of the Lax pair
dgn,m
dt
= gn,m,
dfn,m
dt
= fn,m,
dΦn,m
dt
= Jn,mΦn,m,
where matrix Jn,m is determined by the equations
Jn+1,mL(α) =
d
dt
L(α) + L(α)Jn,m, Jn,m+1L(β) =
d
dt
L(β) + L(β)Jn,m .
Here we have omitted the dependence of Lax matrix L of (11) on g and f for simplicity.
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Then we solve these equations for matrix Jn,m to find that Jn,m = diag(0, 1,−1), and introduce the invariant
Ψ determined by
Ψn,m = Hn,mΦn,m where gn,m
∂Hn,m
∂gn,m
+ fn,m
∂Hn,m
∂fn,m
+Hn,mJn,m = 0.
In particular, this equation for Hn,m implies that
Hn,m = diag
(
1,
1
gn,m
, fn,m
)
.
Plugging all the invariant forms back into the Lax pair, we arrive at
M(x, y;α) := Hn+1,mL(α)H
−1
n,m,
which is a Lax matrix for the corresponding Yang-Baxter map, i.e. relation
M(x′1, x
′
2;α)M(y
′
1, y
′
2;β) = M(y1, y2;β)M(x1, x2;α)
implies the Yang-Baxter map [11].
We finish this note by presenting a list of the various integrability characteristics that have emerged, namely the
group invariants we have used for the dependent variables, the Yang-Baxter maps and the relevant Lax matrices.
• Translation invariance of system (10)
1. Invariants
x1 = ∆nfn,m, x2 = ∆ngn,m, y1 = ∆mfn+1,m, y2 = ∆mgn+1,m ,
x′1 = ∆nfn,m+1, x
′
2 = ∆ngn,m+1, y
′
1 = ∆mfn,m, y
′
2 = ∆mgn,m ,
2. Yang-Baxter map
x′1 =
β3y1(x1x2 + y1y2 + y1x2)
α3x1x2 + β3y1(x2 + y + 2)
,
x′2 =
y2(α
3x1x2 + β
3y1(x2 + y2))
α3x2(x1 + y1) + β3y1y2
y′1 = x1 + y1 − x
′
1, y
′
2 = x2 + y2 − x
′
2.
3. Lax matrix for the Yang-Baxter map
M(x, y;α) =
1
(α3 − λ3)1/3

 α 0 −αλx−αλy α 0
0 −λ
α2xy
α


• Scaling invariance of system (10)
1. Invariants
x1 =
fn+1,m
fn,m
, x2 =
gn+1,m
gn,m
, y1 =
fn+1,m+1
fn+1,m
, y2 =
gn+1,m+1
gn+1,m
,
x′1 =
fn+1,m+1
fn,m+1
, x′2 =
gn+1,m+1
gn,m+1
, y′1 =
fn,m+1
fn,m
, y′2 =
gn,m+1
gn,m
,
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2. Yang-Baxter map
x′1 = y1A, y
′
1 = x1
1
A
, x′2 = y2B, y
′
2 = x2
1
B
,
where
A :=
α3(x1 − 1)(x2 − 1) + β
3x1(y1 − 1)(x2y2 − 1)
α3(x1 − 1)(x2 − 1)y1 + β3(y1 − 1)(x2 − 1 + x1x2(y2 − 1))
,
B :=
α3(x2 − 1)(x1y1 − 1) + β
3x1x2(y1 − 1)(y2 − 1)
α3(x2 − 1)(x1 − 1 + x1y2(y1 − 1)) + β3x1(y1 − 1)(y2 − 1)
.
3. Lax matrix for the Yang-Baxter map
M(x, y;α) =
1
(α3 − λ3)1/3


α 0 αλ(1 − x)
αλ(1−y)
y
α
y 0
0 −λxα2(1−x)(1−y) αx


• Scaling invariance of system (15)
1. Invariants
x1 =
fn+1,m
fn,m
, x2 =
hn+1,m
hn,m
, y1 =
fn+1,m+1
fn+1,m
, y2 =
hn+1,m+1
hn+1,m
,
x′1 =
fn+1,m+1
fn,m+1
, x′2 =
hn+1,m+1
hn,m+1
, y′1 =
fn,m+1
fn,m
, y′2 =
hn,m+1
hn,m
,
2. Yang-Baxter map
x′1 = y1 P, y
′
1 = x1
1
P
, x′2 = y2Q, y
′
2 = x2
1
Q
,
where
P :=
α3(x1 − 1)(x2 − 1) + β
3(y1 − 1)(x1(x2 − 1) + x2(y2 − 1))
α3(x1 − 1)(x2 − 1)y1 + β3(y1 − 1)(x2y2 − 1)
,
Q :=
α3(x2 − 1)(x1y1 − 1) + β
3x2(y1 − 1)(y2 − 1)
α3(x2 − 1)(y1(x1 − 1) + y2(y1 − 1)) + β3(y1 − 1)(y2 − 1)
.
3. Lax matrix for the Yang-Baxter map
M(x, y;α) =
1
(α3 − λ3)1/3


α 0 αλ(1 − x)
αλx(1−y)
y
αx
y 0
0 −λx
α2(1−x)(1−y)
αx


• Scaling invariance of system (17)
1. Invariants
x1 =
gn+1,m
gn,m
, x2 =
rn+1,m
rn,m
, y1 =
gn+1,m+1
gn+1,m
, y2 =
rn+1,m+1
rn+1,m
,
x′1 =
gn+1,m+1
gn,m+1
, x′2 =
rn+1,m+1
rn,m+1
, y′1 =
gn,m+1
gn,m
, y′2 =
rn,m+1
rn,m
,
11
2. Yang-Baxter map
x′1 = y1R, y
′
1 = x1
1
R
, x′2 = y2 S, y
′
2 = x2
1
S
,
where
R :=
α3(x1 − 1)(x2(y2 − 1) + y1(x2 − 1)) + β
3x1x2(y1 − 1)(y2 − 1)
α3(x1 − 1)(x2y2 − 1)y1 + β3x2(y1 − 1)(y2 − 1)
,
S :=
α3(x1 − 1)(x2 − 1)y1 + β
3x2y2(x1y1 − 1)(y2 − 1)
α3(x1 − 1)(x2 − 1)y1y2 + β3(y2 − 1)(x2(y1 − 1) + y1(x1 − 1))
.
3. Lax matrix for the Yang-Baxter map
M(x, y;α) =
1
(α3 − λ3)1/3


αx
y 0 αλ
1−y
y
αλ(1−x)
y
α
y 0
0 −λx
α2(1−x)(1−y)
α


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